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Abstract
Any artificial regression that can be used to compute Lagrange Multiplier tests can
just as easily be used to compute C(α) tests. This also makes it possible to compute
Wald-like tests by means of artificial regressions
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1. Introduction
It is now well known that artificial regressions can be used to compute specification
tests for a wide variety of econometric models; see for example Engle (1984) and
Godfrey (1988). The only tests that are routinely computed in this way, however, are
Lagrange Multiplier tests, in which the artificial regression is evaluated at ML (or NLS)
estimates under the null hypothesis. In this note we point out that artificial regressions
can actually be used to compute other types of test as well. In general, these will be
what are called C(α) tests, but in a special case they will be essentially Wald tests.
We review some essential material on artificial regressions in the next section, present
the main results of the note in section 3, and discuss a specific example, involving tests
for serial correlation, in section 4.
2. Artificial Regressions
In order to deal with a very general class of artificial regressions, we make use of results
established in Davidson and MacKinnon (1990). Suppose there is a fully specified
parametrized model characterized by its loglikelihood function, which for a sample of
size n can be written as
n
X
L(θ) =
`t (θ),
(1)
t=1

.
where θ is a k-vector of model parameters. We shall partition θ as [θ1 ... θ2 ] in order
to consider the restrictions θ2 = 0; we focus on this simple case only for expositional
simplicity. Here θi is a ki -vector (i = 1, 2) with k = k1 + k2 . The k-vector of scores,
with typical element ∂L(θ)/∂θi , will be denoted g(θ). We shall assume that the data
were generated by a data-generating process (DGP) characterized by the loglikelihood
.
(1)for some true (but unknown) parameter vector θ 0 = [θ10 ... 0], and that suitable
regularity conditions are satisfied.
Various artificial regressions can be associated with the model (1). Such a regression
always involves two things: a regressand, say r(θ), and a matrix of regressors, say
R(θ), both of which depend on the parameter vector θ. It may be written as:
r(θ) = R(θ)b + residuals,

(2)

where we use “residuals” as a neutral term to avoid any implication that (2) is a
statistical model. The regressand r(θ) and matrix of regressors R(θ) have certain
defining properties. These properties are as follows:
(i) under the DGP characterized by θ, ρ(θ) ≡ plimn→∞ r>(θ)r(θ) exists and is a
finite, smooth, real-valued function of θ;
(ii) R>(θ)r(θ) = ρ(θ)g(θ); and
(iii) if θ → θ 0 , then n−1 R>(θ)R(θ) → ρ(θ 0 )I(θ 0 ).
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As we prove in the paper cited above, artificial regressions that satisfy properties (i)
through (iii) for all θ belonging to some compact k-dimensional parameter space Θ
have two crucial features. First, if the artificial regression (2) is evaluated at some
θ́ ∈ Θ such that θ́ − θ 0 = O(n−1/2 ), the artificial parameter estimates b́ obtained by
OLS have the property that
n1/2 b́ = n1/2 (θ̂ − θ́) + op (1) as n → ∞,

(3)

where θ̂ is the (asymptotically efficient) ML estimator of the model (1). Thus the
artificial regression can be used to compute one-step estimates (θ́ + b) that are asymptotically equivalent to the ML estimates θ̂.
Secondly, nR2 from the artificial regression (2) evaluated at any θ́ ∈ Θ such that
θ́ − θ 0 = O(n−1/2 ) is asymptotically equal to
n−1 g>(θ́)I −1 (θ 0 )g(θ́),

(4)

where I −1 (θ 0 ) is the inverse of the information matrix evaluated at θ 0 . This result
is evidently what allows artificial regressions to be used to compute LM tests. If θ́
.
were the vector of restricted estimates θ̃ = [θ̃1 ... 0], the quantity (4) would be an
LM statistic, although in practice I(θ 0 ) would be replaced by I(θ̃). LM tests may
therefore be based on nR2 , or any equivalent test statistic, such as an F test for b2 = 0,
from the artificial regression (2) evaluated at θ̃.
3. C(α) Tests and Wald-like Tests
Although it is much less well-known than the LM, LR and Wald tests, there is a
fourth classical test that is asymptotically equivalent to them. Proposed originally
by Neyman (1959), it is called the C(α) test; see Moran (1970), Smith (1987) and
Dagenais and Dufour (1989) for more details. The C(α) test statistic can be written
as
³
¢
n−1 ǵ>Í −1 ǵ − ǵ1>(Í11 )−1 ǵ1 ,
(5)
where ǵ1 is the subvector of ǵ ≡ g(θ́) associated with θ1 , and Í11 is the corresponding
submatrix of Í ≡ I(θ́). All quantities here are evaluated at root-n consistent estimates
.
θ́ = [θ́1 ... 0].
The test statistic (5) is the difference between two quadratic forms. Using the results
reviewed in the previous section, we see that the first of these is asymptotically equal
to nR2 from the artificial regression
ŕ = Ŕ1 b1 + Ŕ2 b2 + residuals,

(6)

where the regressand and regressors are evaluated at θ́ and the latter have been partitioned into those that correspond to θ1 and those that correspond to θ2 . Similarly,
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the second quadratic form in (5) is asymptotically equal to nR2 from the artificial
regression
ŕ = Ŕ1 b1 + residuals.
(7)
The R2 from this regression would be zero if θ́ = θ̃, by the first order conditions for
θ̃, but will generally not be zero for any other choice of θ́.
The test statistic (5) is asymptotically equal to n times the difference between the R2 s
from (6) and (7). Thus we see that LM tests based on artificial regressions are just
special cases of C(α) tests. The difference is that, because nR2 from (7) is generally
not zero, one cannot simply use nR2 from (6) as the test statistic in the more general
case. An equivalent test statistic, which may well have better finite-sample properties,
is the F statistic for b2 = 0 in (6). In their F form the C(α) and LM tests are exactly
the same. The intuition that underlies these results is very simple. From (3) and
the fact that θ2 = 0, we see that the OLS estimates of b2 in (6) are asymptotically
equivalent to the unrestricted ML estimates θ̂. Thus it is intuitively obvious that an
F test for b2 = 0 in (6) should be equivalent to a classical test for θ2 = 0.
There are many cases in which it is easier to find root-n consistent estimates θ́ than
restricted ML estimates θ̃. For example, in simultaneous equations models it is much
easier to obtain unrestricted reduced form estimates than restricted ones. Thus one
.
possibility is that θ́ may simply be equal to [θ̂1 ... 0], where θ̂1 is the unrestricted ML
estimate of θ1 . In this case the C(α) test based on regressions (6) and (7) is actually
a sort of Wald test, or at least a Wald-like test, since it will not be numerically equal
to other forms of the Wald test. When the restrictions can easily be written as zero
restrictions, this may be the easiest way to compute a test based on unrestricted
estimates.
4. Tests for Serial Correlation
In this section we discuss a simple case in which C(α) tests based on artificial regressions can be convenient. One often wishes to test a regression model for several
different orders of serial correlation. Suppose, for example, that the model to be tested
is
yt = Xt β + ut , ut ∼ IID(0, σ 2 ),
(8)
where Xt is a row vector of exogenous and/or predetermined variables and β is a
vector of unknown parameters. Suppose one wishes to test (8) against the alternative
that ut follows an AR(l) process. When the null hypothesis is that there is no serial
correlation, it is very easy to do so. One simply has to run the artificial regression
ũt = Xt b +

l
X

cj ũt−j + residuals,

(9)

j=1

where ut denotes the t th residual from OLS estimation of (8). One then either computes nR2 or performs an F test of the hypothesis that all the cj are zero. See Godfrey
(1988) for more details.
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But suppose, as often happens in practice, that one begins by testing against AR(1)
errors and immediately rejects the null hypothesis. There is now no point in testing
(8) any further. If one were limited to using LM tests, one would next re-estimate
the model allowing for AR(1) errors, and then test that more complicated model for
serial correlation (and other forms of misspecification). But re-estimating the model
will turn out to have been a waste of time if the AR(1) model is later rejected. By
using a C(α) test one can avoid this re-estimation.
When the error terms in the model (8) are assumed to follow an AR(1) process, that
model may be rewritten as
yt = Xt β + ρyt − 1 − ρXt − 1β + εt , εt ∼ IID(0, σ 2 ).

(10)

When all the elements of Xt are exogenous, it is very easy to obtain root-n consistent
estimates of β and ρ. The OLS estimates β̃ are consistent, and a consistent estimate
of ρ, say ρ̃, may be obtained by regressing ũt on ũt − 1. Then the C(α) test regression
for testing the null hypothesis that the error terms in (10) are serially uncorrelated
against the alternative that they follow an AR(l) process is just
yt − Xt β̃ − ρ̃yt−1 + ρ̃Xt−1 β̃ =
(Xt − ρ̃Xt−1 )b + r(yt−1 − Xt−1 β̃) +

l
X

cj (yt−j − Xt−j β̃ − ρ̃yt−j−1 + ρ̃Xt−j−1 β̃)

j=1

(11)
One can test the hypothesis that all the cj are zero by means of an ordinary F test, or
by calculating the difference between nR2 from (11) and nR2 from the same regression
without the last l regressors.
When Xt includes one or more lagged dependent variables, the procedure just outlined
will not work, because the OLS estimates β̃ and ρ̃ are not consistent. One must then
use one of the numerous procedures for obtaining root-n consistent estimates that
are available for this case, such as the well-known one proposed by Hatanaka (1974).
Given those estimates, one would proceed as before. Of course, in many cases one
of these procedures will not actually be much easier than obtaining NLS estimates of
(10), so that the advantages of not having to obtain the latter may be modest.
5. Conclusion
Any artificial regression that can be used to compute LM tests can also be used to
compute C(α) tests. Indeed, LM tests based on artificial regressions are actually
a special case of C(α) tests, in which the regressand and regressors of the artificial
regression are evaluated at restricted ML (or NLS) estimates rather than at parameter
estimates that are merely root-n consistent and satisfy the null hypothesis. When
they are computed as F tests, LM and C(α) tests are formally the same. However,
LM tests can also be computed as nR2 from the artificial regression, and C(α) tests
cannot.
–4–
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